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ABSTRACT 
 
The purpose behind this study is to predict damping effects using method of passive 
viscoelastic constrained layer damping. Ross, Kerwin and Unger (RKU) model for passive 
viscoelastic damping has been used to predict damping effects in constrained layer sandwich 
cantilever beam. This method of passive damping treatment is widely used for structural 
application in many industries like automobile, aerospace, etc. 
The RKU method has been applied to a cantilever beam because beam is a major 
part of a structure and this prediction may further leads to utilize for different kinds of 
structural application according to design requirements in many industries. In this method of 
damping a simple cantilever beam is treated by making sandwich structure to make the 
beam damp, and this is usually done by using viscoelastic material as a core to ensure the 
damping effect. Since few years in past viscoelastic materials has been significantly 
recognized as the best damping material for damping application which are usually 
polymers. Here some   viscoelastic materials have been used as a core for sandwich beam to 
ensure damping effect. 
Due to inherent complex properties of viscoelastic materials, its modeling has been 
the matter of talk. So in this report modeling of viscoelastic materials has been shown and 
damping treatment has been carried out using RKU model. The experimental results have 
been shown how the amplitude decreases with time for damped system compared to 
undamped system and further its prediction has been extended to finite element analysis 
with various damping material to show comparison of harmonic responses between damped 
and undamped systems. 
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Chapter 1 
Introduction  
1.1 Vibration problem and evolution of passive damping technology 
 
The damping of structural components and materials is often a significantly overlooked 
criterion for good mechanical design. The lack of damping in structural components has led 
to numerous mechanical failures over a seemingly infinite multitude of structures. For 
accounting the damping effects, lots of research and efforts have been done in this field to 
suppress vibration and to reduce the mechanical failures.  
 
Since it was discovered that damping materials could be used as treatments in passive 
damping technology to structures to improve damping performance, there has been a flurry 
of ongoing research over the last few decades to either alter existing materials, or develop 
entirely new materials to improve the structural dynamics of components to which a 
damping material could be applied. The most common damping materials available on the 
current market are viscoelastic materials. Viscoelastic materials are generally polymers, 
which allow a wide range of different compositions resulting in different material properties 
and behavior. Thus, viscoelastic damping materials can be developed and tailored fairly 
efficiently for a specific application. 
 
1.2 Finite Element Analysis for thin damped sandwich beams 
 
Finite element analysis has emerged as a very efficient tool for solving complex problem in 
field of design engineering. The experimental procedure is a very tedious task and lots of 
assumption must be taken care off for precision of the work and using finite element method 
we can reduce this complexity of the problem and get rid of calculations. In this report a 
finite element analysis has been done for both undamped and damped sandwich structures 
and frequency response for the same has been shown. 
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1.3 Objective of the present work  
 
This report provides a final summary of the progress made over the past year on the study of 
passive viscoelastic constrained layer damping, specifically applied to high stiffness 
structural members. Viscoelastic materials are materials which dissipate system energy 
when deformed in shear. This damping technology has a wide variety of engineering 
applications, including bridges, engine mounts, and machine components such as rotating 
shafts, component vibration isolation, novel spring designs which incorporate damping 
without the use of traditional dashpots or shock absorbers, and structural supports. 
 
The main focus of this dissertation is to study the complex behavior of the viscoelastic 
materials, to predict damping effects using method of passive viscoelastic constrained layer 
damping technology experimentally and to show the nature of response of structures using 
finite element method. 
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Chapter 2 
Literature Review 
 
2.1 Introduction 
Noise and vibration control [1] is a major concern in several industries such as aeronautics 
and automobiles. The reduction of noise and vibrations is a major requirement for 
performance, sound quality, and customer satisfaction. Passive damping technology [2, 3] 
using viscoelastic materials are classically used to control vibration. The steel industry 
proposes damped sandwich sheets in which a thin layer of viscoelastic material is 
sandwiched between two elastic face layers. 
 
 The growing use of such structures has motivated many authors to intensify the study of 
their vibration and acoustic performance and the design of sandwich damped structures. This 
kind of structures has appeared recently as a viable alternative. It has been shown that this 
class of materials enables manufacturers to cut weight and cost while providing noise, 
vibration and harshness performance. Although initially confined to the aerospace field, 
laminated structures with a viscoelastic core are now applied in almost all industrial fields. 
 
2.2Constrained Layer Viscoelastic Damping (Damped Sandwich 
Structure) 
 
The fundamental work in this field was pioneered by Ross, Kerwin and Ungar (RKU) [5], 
who used a three-layer model to predict damping in plates with constrained layer damping 
treatments. Kerwin [6] was the first to present a theoretical approach of damped thin 
structures with a constrained viscoelastic layer. He stated that the energy dissipation 
mechanism in the constrained core is attributable to its shear motion. He presented the first 
analysis of the simply supported sandwich beam using a complex modulus to represent the 
viscoelastic core. Several authors DiTaranto [7], Mead and Markus [8] extended Kerwin’s 
work using his same basic assumptions. DiTaranto proposed an exact sixth-order theory for 
the unsymmetrical three-layer beam, and this was subsequently refined [8-10]. 
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 A fourth-order equation of motion was developed by Yan and Dowell [11], for beams and 
plates. Shear motion in the faces and rotational inertia are taken into account to obtain a 
sixth-order equation, which is simplified to the fourth order. In 1982, Mead [12], reviewed 
previous theories and stated that most authors made the same basic assumptions and 
concluded that all the theories must predict the same loss factors.  This set of assumptions is 
known in the literature by “Mead and Markus model” [8]. Yu [13] included in its study the 
effects of the rotational inertia and longitudinal displacement for the symmetrical plates. Rao 
and Nakra [14, 15] included these same effects in their equation of motion of unsymmetrical 
plates and beams. Most of the authors cited above have neglected the effect of shearing in 
the skins. Durocher and Solecki [16] included the shearing effects in the skins in the 
symmetrical plate model and ensured the continuity of displacements and shear stresses at 
the interfaces. In Ref. [12], the simplified model of Yan and Dowell as well as the models of 
DiTaranto and Mead and Markus are validated and compared with an accurate differential 
equation accounting for shearing and rotational inertia in the skins as well as the discrete 
displacement field of the layers. 
 
An analytical method considering flexural, longitudinal, rotational, and shear deformations 
in all layers of sandwich beams with multiple constrained layer damping patches is proposed 
by Kung [17]. The method is verified by comparing results for a single patch with those 
reported in the literature by Lall [18] and Rao[10] . Two wave-based approaches are 
proposed by Ghinet and Atalla [19]. The first concerns the modeling of a thick flat sandwich 
composite; it uses a discrete displacement field for each layer and allows for out of plane 
displacements and shearing rotations. Good results were obtained compared to experimental 
data. The second concerns the modeling of thick laminate structures. Each layer is described 
by a Reissner–Mindlin displacement field, and equilibrium relations account for membrane, 
transversal shearing, bending, and full inertial terms. The discrete displacement of each layer 
leads to accuracy over a wide frequency range. The model is successfully validated with 
numerical classical spectral finite elements and experimental results. 
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2.3 The Finite Element Method 
 
In practice it is often necessary to design damped structures with complicated geometry, so 
it is natural to look to the finite element method (FEM) for a solution. Of course, the 
accuracy of the FEM is determined mainly by the element model. A few authors [26-33] 
have developed finite element techniques to predict the performance of constrained-layer 
damped shell structures of general shape. Johnson et al. [27, 28] developed a three-
dimensional model using the MSC/NASTRAN computer program. Soni [29] developed a 
three-layer shell element and compared this with results from both the MSC/NASTRAN 
program and an analytical method. Other contributions in this area are by Ahmed [30], 
Sainsbury and Ewins [31], S, and Bisco [32] An earlier review on this subject can be found 
in various references by Nakra [33]. 
 
 
2.4 Complex behavior of viscoelastic materials and Complex modulus 
models: 
Polymeric materials are widely used for sound and vibration damping. One of the more 
notable properties of these materials, besides the high damping ability, is the strong 
frequency dependence of dynamic properties; both the dynamic modulus of elasticity and 
the damping characterized by the loss factor.  
 
Mycklestad [34] was one of the pioneering scientists into the investigation of complex 
modulus behavior of viscoelastic materials (Jones, 2001, Sun, 1995). Viscoelastic material 
properties are generally modeled in the complex domain because of the nature of 
viscoelasticity. Viscoelastic materials possess both elastic and viscous properties. The 
typical behavior is that the dynamic modulus increases monotonically with the increase of 
frequency and the loss factor exhibits a wide peak [3, 35]. It is rare that the loss factor peak, 
plotted against logarithmic frequency, is symmetrical with respect to the peak maximum, 
especially if a wide frequency range is considered. The experiments usually reveal that the 
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peak broadens at high frequencies. In addition to this, the experimental data on some 
polymeric damping materials at very high frequencies, far from the peak centre, show that 
the loss factor–frequency curve ‘‘flattens’’ and seems to approach a limit value, while the 
dynamic modulus exhibits a weak monotonic increase at these frequencies [36-41]. These 
phenomena can be seen in the experimental data published by Madigosky and Lee [36], 
Rogers [37] and Capps [38] for polyurethanes, and moreover by Fowler [39], Nashif and 
Lewis [40], and Jones [41], for other polymeric damping materials.  
 
The computerized methods of acoustical and vibration calculus require the mathematical 
form of frequency dependences of dynamic properties. A reasonable method of describing 
the frequency dependences is to find a good material model fitting the experimental data. 
The introduction of fractional calculus into the model theory of viscoelasticity has resulted 
in a powerful tool to model the dynamic behavior of polymers and other materials [37, 42-
54]. In this way, the quantitative behavior of the conventional viscoelastic models (Kelvin, 
Maxwell, Zener, etc.) can be improved, and a number of fractional derivative models can be 
developed. Of these models, the fractional derivative Zener model characterized by four 
parameters has proved to be especially appropriate to predict the dynamic behavior of 
polymeric damping materials over a wide frequency range [37, 41, 51]. This model is robust 
and has solid theoretical basis [41], but is not able to describe the asymmetry of the loss 
peak and the high-frequency behavior of the dynamic properties outlined above. 
 
Modelling the asymmetrical loss peak is an old problem not only in polymer mechanics, but 
also in the field of dielectric properties of polymers. For this purpose, empirical models—
mathematical formulae—have been developed which can be used in describing either the 
dielectric or the dynamic mechanical properties of polymers [55]. Among the models, the 
Havriliak–Negami model is especially useful and has been used intensively for the 
asymmetrical loss factor peak of polymeric damping materials, mainly polyurethanes [56]. 
Nevertheless, the Havriliak–Negami model cannot describe the aforementioned high-
frequency behavior of the polymeric damping materials, since this model predicts a 
vanishing loss factor and a finite limit value for the dynamic modulus at high frequencies. 
The other disadvantage of this empirical model is that it cannot be related to the general 
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constitutive equation of viscoelastic materials. One of the fractional derivative models, used 
by Bagley and Torvik [43], is free from these disadvantages and able to predict an 
asymmetrical loss peak, but this fractional model is not correct theoretically [44]. Later 
Friedrich and Braun [47], suggested another empirical formula for asymmetrical loss peak. 
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Chapter 3 
Modeling and Applications of Viscoelastic Treatments and 
Materials 
 
3.1 Typical Applications and Viscoelastic Material Characteristics 
 
Many polymers exhibit viscoelastic behavior. Viscoelasticity is a material behavior 
characteristic possessing a mixture of perfectly elastic and perfectly viscous behavior. An 
elastic material is one in which there is perfect energy conversion, that is, all the energy 
stored in a material during loading is recovered when the load is removed. Thus, elastic 
materials have an in phase stress-strain relationship. Figure 3.1a illustrates this concept. 
Contrary to an elastic material, there exists purely viscous behavior, illustrated in Figure 
3.1b. A viscous material does not recover any of the energy stored during loading after the 
load is removed (the phase angle between stress and strain is exactly п/2 radians).  
 
All energy is lost as ‘pure damping.’ For a viscous material, the stress is related to the strain 
as well as the strain rate of the material. Viscoelastic materials have behavior which falls 
between elastic and viscous extremes. The rate at which the material dissipates energy in the 
form of heat through shear, the primary driving mechanism of damping materials, defines 
the effectiveness of the viscoelastic material.  
 
Because a viscoelastic material falls between elastic and viscous behavior, some of the 
energy is recovered upon removal of the load, and some is lost or dissipated in the form of 
thermal energy. The phase shift between the stress and strain maximums, which does not to 
exceed 90 degrees, is a measure of the materials damping performance. The larger the phase 
angle between the stress and strain during the same cycle (see Figure 3.1c), the more 
effective a material is at damping out unwanted vibration or acoustical waves. 
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Figure 3.1. a) Elastic stress-strain behavior. B) Viscous stress-strain behavior. 
 c) Viscoelastic stress-strain behavior 
 
Because viscoelastic materials are generally polymers, there is enormous variability in the 
composition of viscoelastic materials. This will be discussed in more detail in relation to 
properties of viscoelastic materials, namely complex moduli, in section 3.1.1, but some 
typical materials which are used for damping are presented in Table 3.1 
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Table 3.1 List of common viscoelastic polymeric materials 
(Jones, “Handbook of Viscoelastic Damping,” 2001) 
 
1. Acrylic Rubber  
2. Butadiene Rubber  
3. Butyl Rubber 
4. Chloroprene  
5. Chlorinated Polyethylene 
6. Ethylene-Propylene-Diene 
7. Fluorosilicone Rubber 
8. Fluorocarbon Rubber  
9. Nitrile Rubber  
10. Natural Rubber  
11. Polyethylene 
12. Polystyrene 
13. Polyvinyl chloride (PVC) 
14.  Polymethyl Methacrylate (PMMA) 
15. Polybutadiene  
16. Polypropylene 
17. Polyisobutylene 
18. Polyurethane 
19. Polyvinyl acetate 
20. Polyisoprene  
21. Styrene-butadiene (SBR) 
22. Silicon Rubber 
23. Urethane Rubber 
 
 
Viscoelastic polymers are generally used for low amplitude vibration damping such as 
damping of sound transmission and acoustical waves through elastic media. Some typical 
applications of the polymers presented in Table 3.1 are shown in Table 3.2. 
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Table 3.2. Some common applications for viscoelastic materials 
 
   Common Viscoelastic Materials Application 
 
Grommets or Bushings 
Component Vibration Isolation  
Aircraft fuselage Panels 
Submarine Hull Separators 
Mass Storage Disk Drive Component 
Automobile Tires  
Stereo Speakers  
Bridge Supports 
Caulks and Sealants 
 Lubricants 
Fiber Optics Compounds 
Electrical and Pumping 
 
 
 
3.2 Modeling of Viscoelastic Materials 
 
Unlike structural components which exhibit fairly straight-forward dynamic response, 
viscoelastic materials are somewhat more difficult to model mathematically. Because most 
high load bearing structures tend to implement high strength metal alloys, which usually 
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have fairly straight-forward stress-strain and strain-displacement relationships, the dynamics 
of such structures are simple to formulate and visualize.  
 
An engineer or analyst need only take into account the varying geometries of these 
structures and the loads which are applied to them to accurately model the dynamics because 
the material properties of the structure and its components are generally well known. 
However, difficulty arises when viscoelastic materials are applied to such structures. This 
difficulty is mainly due to the strain rate (frequency), temperature, cyclic strain amplitude, 
and environmental dependencies between the viscoelastic material properties and their 
associated effect on a structure’s dynamics (Jones, 2001, Sun, 1995). Additionally, many 
viscoelastic materials and the systems to which they are applied exhibit nonlinear dynamics 
over some ranges of the aforementioned dependencies, further complicating the modeling 
process (Jones, 2001). 
 
3.2.1 Properties of Viscoelastic Materials 
 
Mycklestad [34] was one of the pioneering scientists into the investigation of complex 
modulus behavior of viscoelastic materials (Jones, 2001) [2]. Viscoelastic material 
properties are generally modeled in the complex domain because of the nature of 
viscoelasticity. As previously discussed, viscoelastic materials possess both elastic and 
viscous properties. The moduli of a typical viscoelastic material are given in equation set  
 
                                    )1('"'
)1('"'
*
*
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η
iGGGG
iEiEEE
+=+=
+=+=
   ------------------------ (3.1)                        
 
 
Where the ‘*’ denotes a complex quantity. In equation set (3.1), as in the rest of this report, 
E and G are equivalent to the elastic modulus and shear modulus, respectively. Thus, the 
moduli of a viscoelastic material have an imaginary part, called the loss modulus, associated 
with the material’s viscous behavior, and a real part, called the storage modulus, associated 
with the elastic behavior of the material. This imaginary part of the modulus is also 
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sometimes called the loss factor of the material, and is equal to the ratio of the loss modulus 
to the storage modulus. The real part of the modulus also helps define the stiffness of the 
material. Furthermore, both the real and imaginary parts of the modulus are temperature, 
frequency (strain rate), cyclic strain amplitude, and environmentally dependent. 
 
3.2.1.1 Temperature Effects on the Complex Modulus 
 
The properties of polymeric materials which are used as damping treatments are generally 
much more sensitive to temperature than metals or composites. Thus, their properties, 
namely the complex moduli represented by E, G, and the loss factor h , can change fairly 
significantly over a relatively small temperature range. There are three main temperature 
regions in which a viscoelastic material can effectively operate, namely the glassy region, 
transition region, and rubbery region (Jones, 2001, Sun, 1995)[2]. Figure 3.2 shows how the 
loss factor can vary with temperature. 
 
The glassy region is representative of low temperatures where the storage moduli are 
generally much higher than for the transition or rubbery regions. This region is typical for 
polymers operating below their brittle transition temperature. However, the range of 
temperatures which define the glassy region of a polymeric material is highly dependent on 
the composition and type of viscoelastic material. Thus, different materials can have much 
different temperature values defining their glassy region. Because the values of the storage 
moduli are high, this inherently correlates to very low loss factors. The low loss factors in 
this region are mainly due to the viscoelastic material being unable to deform (having high 
stiffness) to the same magnitude per load as if it were operating in the transition or rubbery 
regions where the material would be softer. On the other material temperature extreme, the 
rubbery region is representative of high material temperatures and lower storage moduli. 
However, though typical values of storage moduli are smaller, like the glassy region the 
material loss factors are also typically very small. This is due to the increasing breakdown of 
material structure as the temperature is increased. In this region, the viscoelastic material is 
easily deformable, but has lower interaction between the polymer chains in the structure of 
the material.  
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Cross-linking between polymer chains also becomes a less significant property as 
temperature is increased. A lower interaction between the chains results in the material 
taking longer to reach equilibrium after a load is removed. Eventually, as the temperature 
hits an upper bound critical value (also known as the flow region temperature), the material 
will begin to disintegrate and have zero effective loss factor and zero storage modulus. 
 
 
 
 
Figure 3.2. Temperature effects on complex modulus and loss factor material properties 
(Jones, “Handbook of Viscoelastic Damping,” 2001). 
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The region falling between the glassy and rubbery regions is known as the transition region. 
Materials which are used for practical damping purposes generally should be used within 
this region because loss factors rise to a maximum. In more detail, if a material is within the 
glassy region and the temperature of the material is increased, the loss factor will rise to a 
maximum and the storage modulus will fall to an intermediate value within the transition 
region. As the material temperature is further increased into the rubbery region, the loss 
factor will begin to fall with the storage modulus. This behavior is illustrated in Figure 3.2. 
Therefore, it is extremely important to know the operating temperature range during the 
design phase of a host structure to which a viscoelastic damping treatment will be applied so 
that the viscoelastic treatment will be maximally effective. 
 
3.2.1.2 Frequency Effects on the Complex Modulus 
 
Like temperature, frequency also has a profound effect on the complex modulus properties 
of a viscoelastic polymer, though to a much higher degree with an inverse relationship. The 
three regions of temperature dependence (glassy, transition, rubbery) can sometimes be a 
few hundred degrees, more than covering a typical operational temperature range of an 
engineered structure. But the range of frequency within a structure can often be several 
orders of magnitude. The frequency dependence on complex moduli can be significant from 
as low as 8 10−Hz to 8 10 Hz, a range much too wide to be measured by any single method 
(Jones, 2001) [2]. Furthermore, relaxation times after deformation of a viscoelastic material 
can be anywhere from nanoseconds to years and will greatly effect one’s measurement 
methods, especially at low temperatures. 
 
Frequency has an inverse relationship to complex moduli with respect to temperature. At 
low frequency, the storage moduli are low and the loss factors are low. This region is 
synonymous with the rubbery region (high temperatures). This is due to the low cyclic strain 
rates within the viscoelastic layer. As the frequency is increased, the material hits the 
transition region where the loss factor hits a maximum value. As the frequency is increased 
further, the storage moduli increase as the loss factor decreases. Thus, the transition region is 
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again the range of frequency for which a material should be chosen to correspond to a host 
structure’s typical operating range. Figure 4.3 illustrates this behavior. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.3. Frequency effects on complex modulus and loss factor material 
properties     (Jones, “Handbook of Viscoelastic Damping,” 2001). 
 
3.2.1.3 Cyclic Strain Amplitude Effects on Complex Modulus 
 
The effect of cyclic strain amplitude on polymeric complex moduli is highly dependent on 
the composition and type of the polymer, particularly the molecular structure (Jones, 2001, 
Sun, 1995). Experiments have shown that the complex moduli of polymers generally behave 
linearly only at low cyclic strain amplitudes (Jones, 2001). There are, however, polymers 
such as pressure sensitive adhesives, which exhibit linearity even at high cyclic strain 
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amplitudes. These polymers usually have very few cross links between long, entangled 
polymer chains. Therefore, the low interaction between these chains seems to have an effect 
on the linear behavior over wide strain amplitude ranges (Jones, 2001). However, most 
viscoelastic polymers used in typical damping applications behave nonlinearly at high strain 
amplitudes. This nonlinearity is very difficult to model accurately and involves very 
complicated theories and a significant number of tests, many more than for linear complex 
modulus behavior, to gather data sufficient to establish trends for a specific material (Jones, 
2001, Sun, 1995). 
 
3.2.1.4 Environmental Effects on Complex Modulus 
 
The environment plays a significant role in all outdoor engineering applications. 
Temperature ranges, climate, amount of rainfall or direct exposure to sunlight, as well as 
foreign substance exposure (such as petroleum products, alkalis, harmful chemicals, etc.) are 
necessary design factors to take into consideration for any outdoor engineering project. The 
same holds true when considering applying a viscoelastic treatment to an engineered 
structure. Temperature dependence on the behavior of viscoelastic complex moduli has 
already been discussed. But depending on the application, polymer type, and composition of 
the material, exposure to foreign substances must also be addressed.  
Oils and other patrols can penetrate into some materials and alter the behavior as well as 
jeopardize the bond between a material and the host structure, something which will be 
shown to be very important. Therefore, it is important to study the effects of these foreign 
elements on the behavior of the material which will be used in a particular application. Some 
elements may be more important than others depending on the operating environment, so 
these elements should hold the highest interest of the designer. 
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Chapter 4 
Analytical Mathematical Models and Viscoelastic Theory 
 
4.1 Classic viscoelastic models:  
 
In the past, many simple models of viscoelastic behavior have been based on combinations 
of elastic and viscous elements, ranging from basic discrete systems such as the Maxwell 
and Voigt models [2] to distribution of infinite numbers of such elements. The complex 
stiffness of the Maxwell model is calculated by adding two effective stiffnesses in the series 
to give: 
 
                        
1 1
1 1
* (1 ) i k ck k i
k i c
ωη ω= + = +                    ------------------- (4.1)                
 
Where c1 is the dashpot coefficient and k1 is the stiffness of the element .On the other hand, 
the stiffness of the Voigt model is equal to the sum of two effective stiffnesses (k2 and ωc2) 
in parallel: 
 
              2 2* (1 )k k i k i cη ω= + = +                          ------------------- (4.2) 
 
And the complex stiffness of the standard model, being the sum of a Voigt and a Maxwell 
element in parallel, is: 
 
                 
1 1
2 2
1 1
* (1 ) i k ck k i k i c
k i c
ωη ωω= + = + ++ ------------------- (4.3) 
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4.2 The fractional derivative model  
 
4.2.1 The time-domain equations  
 
A great simplification in modeling viscoelastic material behavior has been recognized in 
recent years, particularly with respect to the frequency domain, by using fractional 
derivative models instead of the classical approach. The fractional derivative model appears 
to be more complicated at first sight but, but provides much less rapid variation of the 
complex modulus properties with frequency. 
 
The viscoelastic behavior of polymers in the time domain is far more complicated than for 
the frequency domain. One approach to time domain analysis is to use the Fourier 
Transform to return from the frequency domain in to the time domain, usually by means of 
numerical integration. In the fractional derivative model, the relationship between 
extensional stress and extensional strain is described, for the first order case by the 
relationships: 
 
                   
1 1 1
1 1 1
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
t c D t a t b D t
t c D t a t b D t
β β
β β
τ τ φ φ
σ σ ε ε
+ = +
+ = +    -------------------- (4.4)
 
 
Where, for example, ( )D tβσ is the βth order fractional derivative of the stress σ(t), 
Defined by: 
 
                  
0
1 ( )( )
(1 ) ( )
tdD t dt
dt t
β
β
σ τσ β τ= Γ − −∫       -------------------- (4.5) 
 
Where ( )xΓ is the Gamma function of argument x. 
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4.2.2 Application to the frequency domain   
 
The frequency domain model is even more useful in the frequency domain and much easier 
to apply. If, for example, the strain is defined as ε(t) = ε0exp(iωt) and the stress as σ(t) = 
σ0exp(iωt) , in the case of extensional deformation, then the equation (4.4) and (4.5) reduce 
to the much simpler form :  
                                       
1 1
1
[ ( )]
[1 ( )
a b i
c i
β
β
ωσ εω
+= +   ------------------------- (4.6) 
 
So that the complex modulus E* is simply: 
 
                   
* 1 1
1
[ ( )](1 )
[1 ( )
a b iE E i
c i
β
β
ωη ω
+= + = +  --------------------------- (4.7) 
 
Further more in accordance with the frequency-temperature equivalence principle, ω can be 
replaced by the reduced frequency 2πf α(T), where f in the frequency in Hz and α(T) 
depends upon the temperature, provided that  appropriate values of the parameter are 
selected , so that in the most general case: 
 
                              
* 1 1
1
(2  (T) 
1 (2  (T) )
a b fE
c f
β
β
π α
π α
+= +  -------------------------- (4.8)
 
 
In this equation E* is the complex number and a1 and b1 may or may not be complex. 
 
There have been several analytical methods developed since the late 1950’s to predict 
response of damped systems. Some of the more popular methods include those developed by 
Ross, Kerwin, and Ungar (Ross, 1959) [5], Mead and Markus (Mead, 1969) [8], DiTaranto 
(DiTaranto, 1965) [7], Yan and Dowell (Yan, 1972),[11] and Rao and Nakra (Rao, 1974) 
[15]. However, the development of finite element software has increased the accuracy and 
precision of estimations of the dynamic responses of damped structures. For fairly simple 
21 
 
structures, analytical methods can be used as a substitution for finite element predictions. 
Furthermore, finite element packages are often computationally expensive, something that 
might not be needed for damping predictions of simpler systems. In this case, a simple code 
or program can be written implementing an analytical method to derive a simple, 
sufficiently accurate damping model. As the complexity of the system increases, however, 
finite element formulations should be strongly considered as the boundary conditions and 
system parameters may prove too difficult to define using a simple analytical based 
formulation. 
 
4.3 Ross, Kerwin, and Ungar Damping Model 
 
Ross, Kerwin, and Ungar [5], developed one of the earliest damping models for three 
layered sandwich beams based on damping of flexural waves by a constrained viscoelastic 
layer. They employed several major assumptions, including (Sun, 1995): 
 
¾ For the entire composite structure cross section, there is a neutral axis whose location 
varies with frequency. 
¾ There is no slipping between the elastic and viscoelastic layers at their Interfaces. 
¾ The major part of the damping is due to the shearing of the viscoelastic material, 
whose shear modulus is represented by complex quantities in terms of real shear 
moduli and loss factors. 
¾ The elastic layers displaced laterally the same amount. 
¾ The beam is simply supported and vibrating at a natural frequency or the beam is 
infinitely long so that the end effects may be neglected. 
 
These assumptions apply to any constrained layer damping treatment applied to a 
rectangular beam. Figure 4.1 shows an example system which the Ross, Kerwin, and Ungar 
(RKU) equations could be applied to. This laminate beam system is also the layup for the 
cantilever beam used for materials testing later in this report. 
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Figure 4.1. Three layer cantilever beam with host beam, viscoelastic layer, and 
constraining layer clearly defined. 
 
 
Comparison between experimental data and this theory have shown that results from theory 
correlate well to experiment (Ross, 1959). The model is represented by a complex flexural 
rigidity, (EI)*, where the ‘*’ denotes a complex quantity, given by: 
⎥⎦
⎤⎢⎣
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where D is the distance from the neutral axis of the three layer system to the neutral axis of 
the host beam, 
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In these equations Es, E*v, Ec and hs, hv, hc are the elastic moduli and thicknesses of the host 
structure, viscoelastic layer, and constraining layer, respectively. The term g*v is known as 
the ‘shear parameter’ which varies from very low when G*v is small to a large number when 
G*v is large. The term ‘p’ within the shear parameter is the wave number, namely the nth, 
eigen value divided by the beam length. The shear parameter can also be expressed in terms 
of modal frequencies by: 
 
                                        
ss
nss
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nncvc
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v
IE
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42
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ωρξ
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=
=
            ------------------------ (4.8)
 
 
 
Where ωn is the nth  modal frequency and Cn are correction factors determined by Rao(Rao, 
1974) and are given in Table 4.1. 
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Table 4.1. Rao correction factors for shear parameter in RKU equations 
(Jones, “Handbook of Viscoelastic Damping,” 2001). 
 
Boundary conditions  Correction 
factors 
 
 Mode 1 Mode2 
Pined-pined 1 1 
Clamped-clamped 1.4 1 
Clamped-pined 1 1 
Clamped-free 0.9 1 
Free-free 1 1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
25 
 
Chapter 5 
Formulation Using Finite Element Method 
  
5.1 The displacement description 
 
The finite element model of the damped three-layer beam is shown in Fig. 5.1. It is assumed 
that every layer has the same transverse displacement, as has been proved by both numerical 
and experimental analysis [26, 27, 31], and that the deformation of the face sheets obeys thin 
plate theory.  
 
 
(1) Upper face sheat
(2)viscoelastic core  
(3)lower face sheat 
wi 
i 
θj 
j 
θi  ho
uj3 
uj1 ui1 
ui3 h3 
h2 
h1 
EI3h3A3m3 
EI1h1A1m1 
G2h2A2m2
wj 
 
 
Fig 5.1 Finite element model for the damped sandwich beam (where Ai and mi are the cross 
sectional area and mass per unit length of the ith layer of the beam element). 
 
At each node n, four displacements {qn} are introduced, these being the transverse 
displacement ωn, the rotation θn of the elastic layers (or face sheets), and the axial 
displacements un1,un3 of the middle planes of these face sheets. The total set of nodal 
displacements for the element is: 
{ } ][ 3311 jijjjiii
j
ie uuwuuw
q
q
q θθ=
⎭⎬
⎫
⎩⎨
⎧=   ------------------- (5.1) 
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With the traditional polynomial shape functions, the displacement field vector {δ} may be 
written as 
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Where  
[N1]    =    { 0  0  1-ζ  0  0  0  ζ  0 } 
 
[N3]    =    { 0  0  0 1-ζ  0  0  0  ζ  } 
 
[Nf]    =    { 1-3ζ2+2ߞ    ( ζ- 2ζ2+ζ3)L   0   0   3ζ2-2ζ3n  (-ζ2+ ζ2)L 0  0 } 
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x
∂
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ଵ
L
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x
∂
∂ ቉                                  ------------------------ (5.3)  
 
ζ  =  x/L, L = element length                                     
  
5.2 Stiffness matrix for the face sheets 
 
The stiffness matrix for the elastic face sheets may be obtained from the bending and 
extensional strain energies as follows: 
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Where    3311 LELEEI +=  
5.3 Stiffness matrix for the core layer 
 
The stiffness matrix of the constrained damping layer can be obtained from its shear strain 
energy. Here the bending and extensional strain energies are ignored due to their second-
order smallness compared with the shear strain energy. It can be seen from Fig.5.2 that the 
shear strain is given by 
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                Fig. 5.2. The shear strain of the damping layer.
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5.4 The element stiffness matrix 
 
The complete stiffness matrix for the element is obtained from Eqs. (5) and (9) as 
 
e
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5.5 The element mass matrix 
 
Following a similar procedure, the mass matrix for the sandwich beam element is obtained 
from the kinetic energy as follows: 
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                                               ----------------------- (5.12) 
Where 13210 , mmmmm ++= is the mass per unit length of the ith layer of the beam element. 
 
 
 
 
31 
 
Chapter 6 
Experimental Determination of Viscoelastic Material 
Properties 
 
 The stress-strain relationship for a viscoelastic material under cyclic loading takes on   
the form of an ellipse shown in Figure 6.1.  
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig 6.1 Stress-Strain hysteresis loop for linear viscoelastic material 
(Jones, “Handbook of Viscoelastic Damping,” 2001). 
 
The stress-strain relationship for a linear viscoelastic material is given by 
 
-------------------------- (6.1) 
 
"( ' ") ' E dE E E
dt
εσ ε ε ω= + = +
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since  
di
dt
εω ε =  for harmonic motion (Sun, 1995). Again, note the strain rate, or 
frequency, dependence on the stress within the viscoelastic material not found in stress 
strain relationships for metals in the elastic region. As mentioned, above the loss factor is the 
ratio of loss modulus (imaginary part of the complex modulus) to the storage modulus (real 
part of complex modulus). In the above equation, E’ represents storage modulus, 
synonymous with the elastic modulus for metals. Sun and Lu explain that the area enclosed 
by the ellipse in Figure 6.1 is equal to the energy dissipated by the viscoelastic material per 
loading cycle. Additionally, the slope of the major axis of the ellipse in Figure 6.1 is 
representative of the storage modulus of the viscoelastic material. Thus, E’ is easily found 
from the hysteresis plot of stress and strain. 
 
From Figure 6.1, it should be noted that the general shape of the ellipse does not change for 
small variations of the maximum strain amplitude, ε0. However, the shape does change as the 
loss factor changes (i.e. the inner ellipse and outer ellipse in Figure are tests at the same 
frequency but different strain amplitudes). Thus, the ratio of the minor axis to major axis of 
the ellipse can be used as a measure of damping (Jones, 2001). However, this ratio is not the 
loss factor of the material. To find the loss factor of the material, the data generated using 
the cyclic loading machine can be used to find the energy dissipated per cycle of loading for 
each viscoelastic material. The energy dissipated is given by the path integral  
                          
2
2
0
0
"d
dW d dt E
dt
π ω εσ ε σ π ε= = =∫ ∫ 
---------------------- (6.2)
 
It is also important to find the peak potential energy within the material during a loading 
cycle. Peak potential energy is given by 
                                            
2
0
1 '
2
U E ε=
                       ----------------------- (6.3)
 
From the energy dissipated per cycle and the peak potential energy the loss factor can be 
found to be 
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Another method of measuring the properties of viscoelastic materials was formulated by 
Lemerle (Lemerle, 2002), but the analysis used by Sun and Lu is accurate and relatively 
simple by comparison. 
 
6.1 Modal Analysis of Undamped Cantilever Beam 
 
Prior to each material being tested, the modal frequencies of the undamped cantilever beam 
must be determined so that a modal analysis prediction of damping can be executed. The 
following modal analysis was conducted for a beam having a 2x10-4 m square cross section 
composed of mild steel ρ = ( 7860 3
kg
m
 ) . The beam was .58 m in length and had a mass per 
unit length 1.572 kg
m
. 
 
In this order, once the modal frequencies are known, the materials can be tested at these 
frequencies, their properties (Moduli and loss factors) determined, and thicknesses of 
damping layers found using a MATLAB program to predict effective damping at each 
mode. Lastly, actual tests can be carried out using the thicknesses predicted from MATLAB 
to find a correlation between theoretical and experimental results. 
 
To find the modal frequencies of an undamped cantilever beam with a tip mass, simple 
modal analysis can be used. By using a cantilever beam mode shape (Meirovitch) [58]. 
 
 ( ) sin cos sinh cosr x r r r r r r r rY A x B x C x D xβ β β β= + + +  ---------- (6.5) 
Where A, B, C, and D are modal constants of each mode shape Y(x), approximated modal 
frequencies can be found. The parameter β is related to the modal frequency by                                             
34 
 
                                             
2
4 r
r
m
EI
ωβ =
                     --------------------- (6.6)
 
By using the boundary conditions of a cantilever beam with a tip mass, namely 
Y(0)) = 0 
Y’(0)) = 0 
Y”(L) =0 
 
                    ---------------------- (6.7) 
 
with each of these boundary conditions synonymous to the displacement, rotation, moment, 
and shear within the beam, respectively, a set of four equations can be formulated to solve 
for the constants A, B, C, and D for each mode. Additionally, these boundary conditions 
assume that the tip mass has very small rotary inertia compared to the beam. This set of 
equations is found by differentiating equation (6.5) three times and applying the appropriate 
boundary condition. The resulting set of equations is 
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                --------------------- (6.8) 
In this set of equations
mL
MM =−  where M is the mass of the tip mass, m is the mass per 
unit length of the cantilever beam, and L is the length of the beam. By taking the 
determinant of the leading matrix in the above equation set and setting that determinant 
equal to zero, the roots of the resulting sinusoidal equation will yield the bL values for which 
the equation set is satisfied. These roots are the non-trivial solutions which can be used to 
find the modal frequencies of the cantilever beam If M =1, that is the mass at the tip is equal 
4'"( ) ( )MY L Y L
mL
β= −
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to the mass of the beam; the resulting modal frequencies are presented in Table 6.1 for the 
first five modes. 
 
Table 6.1 modal analysis results of undamped cantilever beam 
 
Mode  Beta_L Modal frequency  
         (rad/s) 
Modal frequency  
          (Hz) 
      1 3.008 116.377 18.522 
      2 6.894 1045.75 166.437 
      3 9.657 2051.86 326.565 
      4 13.526 4025.58 640.691 
      5 17.40 6663.066 1060.46 
 
 
6.3 Tested data for some typical damping materials  
 
The tested data [57] for some typical viscoelastic material has been shown as follows:  
 
6.1 Butyl 60A Rubber Testing 
 
Butyl rubber is a synthetic rubber produced by polymerization of about 98% isobutylene 
with about 2% of isoprene. Butyl rubber is also known as polyisobutylene or PIB. It has 
excellent impermeability and its long polymer chains give it excellent flex properties. Butyl 
is often used in making adhesives, agricultural chemicals, fiber optic compounds, caulks and 
sealants clingfilms, electrical fluids, lubricants such as 2 cycle engine oil, as a 
gasoline/diesel fuel additive, and even chewing gum. The first major application of butyl 
was tire inner tubes because of its excellent impermeability to air. It was chosen for testing 
because it is very common and extremely cheap, while still providing excellent flexural and 
damping properties. A sample of butyl rubber having a rectangular cross section was loaded 
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into the cyclic loading machine and loaded at 1, 5, 10, 15 and 18.52 Hz.. Storage modulus 
and loss factor data were found from the data generated by the cyclic loading machine. 
Table 6.2 shows the stiffness and loss factor data at the frequency listed above. 
 
 Table 6.2 Butyl material properties as a function a frequency. 
 
frequency 
[Hz] 
Storage modulus 
[MPa] 
shear modulus  
[MPa] 
Loss factor  
 
         1 5.5556 1.8896 0.1121 
        5 6.2841 2.1374 0.1429 
       10 6.6737 2.2699 0.1841 
      15 7.6246 2.5934 0.2415 
     18.52 8.3378 2.8359 0.3512 
 
 
 
 
 
Fig 6.2 shows the trends of loss factor and storage modulus with frequency. 
37 
 
It is seen from Figure 6.2 that both the storage modulus and loss factor increase with 
increasing frequency. Over this relatively small frequency range, the loss factor almost 
quadruples its value as the frequency is increased from 1 Hz to 18.52 Hz. The storage odulus 
of the sample also sees fairly significant increases from 5.55 MPa to 8.55 MPa, about 1.5 
times the original value at 1 Hz. Based on the low frequency and moderate temperature (the 
materials were tested at room temperature of about 70 degrees), the material is most likely 
operating in its rubbery region. Butyl rubber typically has a service temperature range of 
about -13 – 248 degrees Fahrenheit. At higher frequency it should be expected that the loss 
factor will continue to rise along with the storage modulus into the transition region. 
 
6.2 Silicone 50A Rubber Testing 
 
A sample of silicone 50A rubber was also tested using the cyclic loading   machine. This 
sample of silicone rubber had a slightly higher durometer of 50A and exhibits greatly 
increased damping when compared to the silicone 30A sample. Table 6.3 gives the storage 
modulus and damping value for silicone 50A at 1, 5, 10, 15, and 18.52 Hz. 
 
Table 6.3 Silicon Rubber material properties as a function a frequency 
frequency 
[Hz] 
Storage modulus 
[MPa] 
shear modulus  
[MPa] 
Loss factor  
 
         1 2.8811 0.9799 0.0263 
        5 2.7351 0.9303 0.0347 
       10 2.468 0.8394 0.0437 
      15 1.6567 0.5635 0.1054 
     18.52 1.824 0.6204 0.2115 
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Fig 6.3Storage Modulus and loss factor data for silicone 50A rubber. 
 
Figure 6.3 shows a steady decrease in storage modulus with increasing frequency from 1 to 
15 Hz. However, the storage modulus spikes at or around 18.52 Hz. The loss factor shows a 
steady increase with increasing frequency. This suggests that the material has not yet entered 
the transition region. 
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Chapter 7 
EXPERIMENTATION 
 
7.1 Experimental set-up and Description:-  
 
 
 
 
 
 
 
                                                                                     
 
 
 
Span 
Oscilloscope 
Vibration pick‐up
Rigid support  230 v
50Hz
AC
Distribution box  
Specimen 
 
Fig 7.1: Schematic diagram of experimental setup with sandwich beam configuration 
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Fig: 7.2 photograph of experimental setup at dynamics lab 
 
 
Fig7.3: photograph of sandwich specimen with pvc core 
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Test Specimen 
The test specimen was a typical sandwich beam made of three layers, consisting two elastic 
layers and one viscoelastic layer at core as shown in fig 7.3, and the configuration of the 
beam has been shown in fig 5.1. The details of the specimen are as follows:  
 
Table 7.1 Test specimen details 
Layer no. Layer configuration  Type of Material  Cross-section(mm) 
       1 Lower layer  Mild steel 580x40x5 
       2 Middle layer Polyvinylchloride (PVC) 580x40x1.5 
      3 Upper layer Mild steel 580x40x1 
 
 
Instrumentation: In order to measure the logarithmic damping decrement, natural 
frequency of vibration of different specimen the following instruments were used as shown 
in circuit diagram figure:-  
 (1) Power supply unit  
 (2) Vibration pick-up  
(3) Load cell  
 (4) Oscilloscope  
 (5) Dial gauge  
 
Load Cell Specifications 
 (1) Capacity :- 5 tones  
 (2) Safe Over load :- 150 % of rated capacity  
 (3) Maximum Overload:- 200 % of rated capacity  
 (4) Fatigue rating :- 105 full cycles  
 (5) Non-linearity:- ± 1% of rated capacity or better  
 (6) Hysteresis :- ± 0.5 % of rated capacity or better  
 (7) Repeatability :- ± 0.5 % of rated capacity or better  
 (8) Creep error :- ± 1% of rated capacity or better  
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 (9) Excitation: - 5 volts D.C.  
 (10) Terminal Resistance:-350Ω (nominal)  
 (11) Electrical connection :- Two meters of six core shielded cable/connected  
 (12) Temperature:- ± 10ċ to 50 ċ  
 
Manufacturer - Syscon instruments private limited, Bangalore  
Environmental  
 (1) Safe operating temperature:- + 10ċ to + 50ċ  
 (2) Temperature range for which specimen hold good :- +20ċ to + 30ċ  
 
Oscilloscope 
Display: - 8x10 cm. rectangular mono-accelerator c.r.o. at 2KV e.h.t. Trace rotation by front 
panel present. Vertical Deflection: - Four identical input channels ch1, ch2,ch3,ch4.  
Band-width:- (-3 db) d.c. to 20 MHz ( 2 Hz to 20 MHz on a.c.) 
 Sensitivity: - 2 mV/cm to 10 V/cm in 1-2-5 sequence. 
 Accuracy: - ± 3 %  
Variable Sensitivity :-> 2.5 % 1 range allows continuous adjustment of sensitivity from 
2mV/cm to V/cm.  
Input impedance: - 1M/28 PF appx.  
Input coupling: - D.C. and A.C. 
 Input protection: - 400 V d.c.  
Display modes: - Single trace ch1 or ch2 or ch3 or ch4. Dual trace chopped or alternate 
modes automatically selected by the T.B. switch. 
 
 
Fig7.4 Oscilloscope  
An oscilloscope measures two things: 
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• Voltage  
• Time (and with time, often, frequency) 
 
An electron beam is swept across a phosphorescent screen horizontally (X direction) at a 
known rate (perhaps one sweep per millisecond). An input signal is used to change the 
position of the beam in the Y direction. The trace left behind can be used to measure the 
voltage of the input signal (off the Y axis) and the duration or frequency can be read off the 
X axis.  
An oscilloscope is a test instrument which allows you to look at the 'shape' of electrical 
signals by displaying a graph of voltage against time on its screen. It is like a voltmeter with 
the valuable extra function of showing how the voltage varies with time. A graticule with a 
1cm grid enables you to take measurements of voltage and time from the screen.  
 
The graph, usually called the trace, is drawn by a beam of electrons striking the phosphor 
coating of the screen making it emit light, usually green or blue. This is similar to the way a 
television picture is produced. 
 
 Oscilloscopes contain a vacuum tube with a cathode (negative electrode) at one end to emit 
electrons and an anode (positive electrode) to accelerate them so they move rapidly down 
the tube to the screen. This arrangement is called an electron gun. The tube also contains 
electrodes to deflect the electron beam up/down and left/right. The electrons are called 
cathode rays because they are emitted by the cathode and this gives the oscilloscope its full 
name of cathode ray oscilloscope or CRO. 
 
 A dual trace oscilloscope can display two traces on the screen, allowing you to easily 
compare the input and output of an amplifier for example. It is well worth paying the modest 
extra cost to have this facility.  
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Measuring voltage and time period:  
 
 
 
 
Fig.7.5 Relation between voltage and time 
 
The trace on an oscilloscope screen is a graph of voltage against time. The shape of this 
graph is determined by the nature of the input signal.  
In addition to the properties labeled on the graph, there is frequency which is the number of 
cycles per second. The diagram shows a sine wave but these properties apply to any signal 
with a constant shape.  
• Amplitude is the maximum voltage reached by the signal. It is measured in volts, V.  
• Peak voltage is another name for amplitude.  
• Peak-peak voltage is twice the peak voltage (amplitude). When reading an 
oscilloscope trace it is usual to measure peak-peak voltage.  
• Time period is the time taken for the signal to complete one cycle. It is measured in 
seconds (s), but time periods tend to be short so milliseconds (ms) and microseconds 
(μs) are often used. 1ms = 0.001s and 1μs = 0.000001s.  
 
• Frequency is the number of cycles per second. It is measured in hertz (Hz), but 
frequencies tend to be high so kilohertz (kHz) and megahertz (MHz) are often used. 
1kHz = 1000Hz and 1MHz = 1000000Hz.  
 
      Frequency = 1/time period      and      time period = 1/frequency    
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Dial Indicator: Dial indicator are instruments used to accurately measure a small distance. 
They may also be known as a dial gauge, Dial test indicator (DTI), or as a “clock”. They are 
named so because the measurement results are displayed in a magnified way by means of a 
dial. Dial indicator may be used to check the variation in tolerance during the inspection 
process of a machined part, measure the deflection of a beam or ring under laboratory 
conditions, as well as many other situations where a small measurement needs to be 
registered or indicated.  
 
Fig7.6 Dial indicator 
 
Vibration pick-up:- Type: - MV-2000. Specifications:-  
 (1) Dynamic frequency range :- 2 c/s to 1000 c/s  
 (2) Vibration amplitude: - ±1.5 mm max.  
 (3) Coil resistance :- 1000Ω  
 (4) Operating temperature :- 10ċ to 40 ċ  
 (5) Mounting :- by magnet  
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 (6) Dimensions :-  Cylindrical  
                                      Length:-45 mm  
      Diameter: - 19 mm  
 (7) Weight:- 150 gms  
 
 
Fig7.7 vibration pick-up 
 
Velocity Transducer: The velocity pickup is a very popular transducer or sensor for 
monitoring the vibration of rotating machinery. This type of vibration transducer installs 
easily on machines, and generally costs less than other sensors. For these two reasons, this 
type of transducer is ideal for general purpose machine applications. Velocity pickups have 
been used as vibration transducers on rotating machines for a very long time, and they are 
still utilized for a variety of applications today. Velocity pickups are available in many 
different physical configurations and output sensitivities.  
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Chapter 8  
Results and Discussion  
8.1. Experimental results 
Loss factor measurement of the undamped and damped cantilever beam: 
The test specimen was tested at dynamics lab of mechanical department as described in the 
experimentation chapter. The details of properties of undamped beam has already been 
described in section 6.1.The details of complex modulus properties of polyvinylchloride and 
properties of mild steel are as follows:  
Table 8.1 properties of materials used in the test specimen [1, 2, 60] 
Type of 
material  
Elastic or storage  
Modulus E [MPa] 
 Density(ρ)  
[kg/m3]  
 
Loss factor 
      (η) 
Poison’ratio 
   (υ)  
Mild steel 210 x103    7860 ------------    0.3 
PVC 0.15    1700       0.4     0.46 
 
8.1.1 Response of undamped beam  
Before the addition of damping layers to the cantilever beam, the loss factor of the 
undamped beam was determined. The instrumentation outlined in section 6.0 was used to 
gather data for analysis using Microsoft Excel. Furthermore, once the data had been plotted 
for acceleration vs. time, the logarithmic decrement could be taken to determine damping 
factors (Meirovitch, 2001). These damping factors could then be used to find the loss factor. 
The logarithmic decrement is given by  
 
                                ⎟⎟⎠
⎞
⎜⎜⎝
⎛=
2
1ln1
x
x
N
δ                              ---------------------- (8.1) 
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Where N is the number of cycles between acceleration values 1 x and 2 x. The acceleration 
values are shown in the sample acceleration versus time plot in fig (8.1). 
 
 
Fig 8.1(a) response of undamped beam (screen image) 
 
Fig 8.1(b) response of undamped beam (actual waveform data) 
Amplitude 
Time 
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Once the logarithmic decrement was determined, the damping factor and loss factor were 
determined by 
 
ξη
δπ
δξ
2
4 22
=
+
=
       -------------------- (8.2) 
This is a straight-forward and accurate method of determining the loss factor for the 
cantilever beam. It should be noted that the loss factor, η , is only two times the damping 
factor, ζ , at resonance frequencies. 
 
Three tests were conducted on the undamped beam and the frequency of oscillation and loss 
factors determined for each test. The results are concluded in Table 8.2 
 
Table 8.2 experimental frequency and loss factor data for undamped cantilever beam 
Test no. Acceleration 
point 1[mv] 
Acceleration 
Point 2[mv]  
 
Time 1 
  [s] 
Time 2 
  [s] 
Frequency 
   [Hz] 
Log 
decrement
 
Loss  
factor 
1 33.2 23.4 -2.8 -2.38 24.2 0.0085 0.0027 
2 8.6 6.4 -.280 .550 25.6 0.0035 0.0011 
3 7.4 4.8 -.32 .66 24.7 0.0067 0.0021 
 
The experimental data for time is coming like that (because reference point had not been set 
properly. From Table 8.2, it is seen that the average experimental vibrating frequency is 24.9 
Hz. The calculated first modal frequency of the beam in section 6.1 was 18.52 Hz. There is a 
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difference of about 7.5% between the measured frequency and the first modal frequency of 
the beam. However, the beam, in actuality, does not vibrate at the first modal frequency, but 
rather, there are a combination of an infinite number of modes for a continuous system each 
having a different “weight” which, when combined using modal analysis, produce the actual 
frequency and dynamics of the beam. 
 
8.1.2 Response of damped beam 
In this section damped sandwich beam with viscoelastic (PVC) core has been tested. The 
acceleration values are shown in the sample acceleration versus time plot in fig (8.2). 
 
  
 
Fig 8.2(a) response of damped sandwich beam (screen image) 
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Fig 8.2(b) response of damped sandwich beam (actual wave form) 
Three tests were conducted on the damped sandwich beam and the frequency of oscillation 
and loss factors determined for each test. The results are concluded in Table 8.3 
 
Table 8.3 experimental frequency and loss factor data for undamped cantilever beam 
 
Test no. Acceleration 
point 1[mv] 
Acceleration 
Point 2[mv]  
 
Time 1 
  [s] 
Time 2 
  [s] 
Frequency 
   [Hz] 
Log 
decrement
 
Loss  
factor 
1 9.8 6.3 -5.35 -5.0 18.6 0.0138 0.0043 
2 5.9 4.4 -.6.5 -6.8 19.2 0.0154 0.0049 
3 8.43 6.81 -6.35 -5.98 18.9 0.0113 0.0036 
 
Amplitude 
Time  
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As we can see from the results shown above in the table 8.3 that the average experimental 
frequency is 18.9 Hz .The logarithmic decrement and loss factor has significantly increased 
for damped beam. 
There is difference of 8.5% between the measured experimental frequency and the 
frequency obtained from the (finite element analysis) FEA of the damped sandwich beam 
with PVC core which will be discussed in the next section.  
 
8.2 Results using Finite Element Analysis 
 
The finite element analysis has been done using MATLAB program on the basis formulation 
shown in chapter 5. In this section FEA of the undamped beam and sandwich beam has been 
performed using the three different materials as viscoelastic core which are 
1. Polyvinylchloride(PVC) 
2. Butyl 50A rubber 
3. Silicon 50A rubber 
 
and the desired properties are given in the table 8.4. 
Table 8.4 properties of the viscoelastic materials for modal analysis 
Material type  Elastic  
modulus(E)  
[MPa] 
Shear  
modulus(G)  
[MPa] 
Density 
(ρ) 
[kg/m3]   
Loss factor(η) 
PVC 150  51.36     1700 0.4 
Butyle Rubber 8.3378 2.8359   1250 0.3512 
Silicon Rubber 1.824 0.6204    1540 0.2115 
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8.2.1 Modal Analysis Results  
For modal analysis of the beams geometric and mechanical properties of the specified 
materials is required, geometrical  properties of the materials will be the same as shown in 
the table 7.1 and desired mechanical properties of the materials have been taken from the 
previous chapters are concluded in table 8.4. 
 
The modal analysis results using MATLAB program for damped and undamped is 
concluded in the table 8.5-8.8. 
Table 8.5 modal analysis of undamped beam 
Mode no. Modal frequency fn 
(Hz) 
      1 18.616 
     2 116.67 
     3 326.75 
     4 640.47 
     5 1060.08 
 
Table 8.6 modal analysis of sandwich beam with PVC core 
Mode no. Modal frequency   
fn(Hz) 
Modal Loss factor ηn 
      1       16.13      0.059 
     2       101.11      0.083 
     3       283.18      0.101 
     4       555.31      0.126 
     5       919.4      0.154 
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 Table 8.7 modal analysis of sandwich beam with Butyl Rubber core 
Mode no. Modal frequency 
fn(Hz) 
 Modal Loss factor ηn 
      1       12.411       0.035 
     2       77.77       0.084 
     3      217.83       0.139 
     4      427.16       0.192 
     5      707.23       0.243 
 
Table 8.8 modal analysis of sandwich beam with Silicon Rubber core 
Mode no. Modal frequency       
fn(Hz) 
Modal Loss factor ηn 
      1           14.89   0.043 
     2           93.34   0.065 
     3          361.4   0.114 
     4         512.59   0.149 
     5         848.67   0. 216 
 
It can be seen from table 8.6 to 8.8 that butyl rubber has the minimum value of natural 
frequency for the 1st mode and the percentage increase in loss factor is also more for 
increasing frequency as compared to pvc and silicon rubber. The amplitude for butyl rubber 
is also less compared to other two damping materials which has been shown below in 
harmonic analysis section. This indicates that butyl rubber has the better damping effect 
compared to other two damping materials. 
However, it can be seen from table 8.6 and 8.8 that pvc has better damping effect  than 
silicon rubber because the amplitude of pvc is less than silicon rubber (in harmonic analysis 
section) even though the value of natural frequency  is greater for pvc. 
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8.2.2 Harmonic Analysis Results 
In this section frequency response (harmonic) analysis has been performed using MATLAB 
program for specified beams, the response plots for beams with various materials is as 
follows: 
 
 
Fig 8.3 frequency response plot for undamped beam 
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Fig 8.4 frequency response plots for damped beam with PVC core 
 
Fig 8.5 frequency response plots for damped beam with butyl Rubber core 
57 
 
 
Fig 8.6 frequency response plots for damped beam with silicon Rubber core 
In this section finite element analysis has been done by using two extra materials i.e. butyl 
rubber and silicon rubber along with PVC for the comparison of frequency responses.  
It can be seen from tables of modal analyses (8.5-8.8) that the natural frequency for 1st mode 
for undamped beam is 18.616 which is very much near to frequency calculated theoretically 
which is 18.52 and finally the frequencies for the 1st mode for damped beam are 16.13, 
12.411 and 14.89 for pvc, butyl rubber and silicon rubber respectively which are less than 
that of the undamped beam. Which shows that this damping technology significantly 
reduces the natural frequency of vibration of the system and response graphs (fig 8.3 – 8.7) 
for damped shows the amplitudes for each mode are also decreasing compared to undamped 
beam, which indicates that this method of damping treatment has a great significance in 
damping of structures. The results are finally superimposed into one graph (fig.8.7) which 
explains the results clearly. 
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Fig 8.7 superimposed response  
 
 
 
 
 
1
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Chapter 9 
Conclusion 
The purpose of this report is to throw light on constrained layer viscoelastic damping, and 
trend for its application and to show the response by applying the theory of passive damping 
in a practical way, as well as with use of finite element analysis. 
 
In this report damping treatment has been applied to cantilever beam and time response has 
been shown experimentally. This work has also been extended to finite element analysis of 
damped structure to show the frequency responses (harmonic response).  
 
Results show that passive viscoelastic constrained layer damping treatment has a great 
significance in controlling the vibration of structures like beams, plates, etc. Perhaps the 
experimental data may not be absolutely accurate because of the environmental condition 
but this report can help in solving the vibration problem occurring in many mechanical 
systems according to the design requirements for different types of application. 
 
Scope for Future Work  
 
The conclusion found in the report this theory of damping treatment could be applied in 
structures concerned to vibration problem. One can use this theory to solve vibration 
problem by testing suitable damping material for structures according to the design 
requirements. 
 
A different class of viscoelastic materials can be used for this purpose in future like 
viscoelastic foams (honeycomb structure) and materials with negative poison’s ratio. From 
reference to some scientific articles [59] and journals its has been found that materials with 
negative poison’s ratio have good capabilities in controlling the vibration and can be used 
for extreme damping, but the matter of concern is that the behavior of that materials must be 
studied properly  by the designer. 
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Read Input parameters (material and geometric parameters) 
Generate mesh 
Generate Element Matrices (Ke, Me) 
Assamble element Matrices to global Matrices (K,M) 
 
Generate reduced global matrices for specific boundary conditions.  
 
 
Calculate eigen values from (K and M ) 
 
Calculate natural frequency sqrt(eigen value) 
 
Create force vector f 
Calculate amplitude     
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Plot graph between amplitude(x) and frequency(ω) 
End 
 
Flow chart for MATLAB program 
